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Abstract
A graph G = (V ,E) is called a unit-distance graph in the plane if there is an embedding of V into the plane such that every pair
of adjacent vertices are at unit distance apart. If an embedding of V satisﬁes the condition that two vertices are adjacent if and only
if they are at unit distance apart, then G is called a strict unit-distance graph in the plane. A graph G is a (strict) co-unit-distance
graph, if both G and its complement are (strict) unit-distance graphs in the plane. We show by an exhaustive enumeration that there
are exactly 69 co-unit-distance graphs (65 are strict co-unit-distance graphs), 55 of which are connected (51 are connected strict
co-unit-distance graphs), and seven are self-complementary.
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction
A graph G = (V ,E) is called a unit-distance graph in the plane [4] if there is an injection f : V → R2 satisfying
that xy ∈ E ⇒ ‖f (x)− f (y)‖ = 1. Notice that under this condition, ‖f (x)− f (y)‖ = 1 is possible for xy /∈E. If we
impose the more strict condition xy ∈ E ⇔ ‖f (x)−f (y)‖= 1 on f : V → R2, then G is called a strict unit-distance
graph in the plane. In the following, we will omit the words in the plane, since we deal only with unit-distance graphs
in the plane.
All trees and all cycles Cn are unit-distance graphs. Among the wheels Wn = K1 + Cn, only W6 is a unit-distance
graph. Note that W6−(one spoke) is a unit-distance graph, but it is not a strict unit-distance graph. Among the complete
graphs Kn only K1, K2 and K3 are unit-distance graphs. The complete bipartite graph K2,3 is not a unit-distance graph.
Some graphs G have the property that both G and its complement G are unit-distance graphs. Let us call such graphs
co-unit-distance graphs. If both G and G are strict unit-distance graphs, then we call G a strict co-unit-distance graph.
Among the cycles, only C3, C4, C5 and C6 are co-unit-distance graphs.
Erdo˝s [3] proved that a unit-distance graph in the plane with n vertices and s(n) edges must satisfy s(n)<n3/2.
If G is a co-unit-distance graph with n vertices, then either G or its complement G has at least 12
(
n
2
)
edges. Hence,
1
2
(
n
2
)
<n3/2 which is equivalent to n2 − n< 4n3/2, and we have n< 9 + 4√5, that is, n17. This result also follows
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Table 1
The number of (strict) co-unit-distance graphs
Connected Disconnected Total Self-complementary
Co-unit-distance graphs 55 14 69 7
Strict co-unit-distance graphs 51 14 65 7
Fig. 1. The seven self-complementary co-unit-distance graphs.
from the fact that the Ramsey number R2(4, 4) = 18 (see, e.g. [1,6]). Thus, the number of co-unit-distance graphs is
ﬁnite.
This result is generalized in the following way: For an integer k2, let us call a sequence of k edge-disjoint graphs
G1,G2, . . . ,Gk on the same vertex set V , a unit-distance decomposition of a complete graph into k parts if the union
of Gi’s is the complete graph on V , and each Gi is a unit-distance graph. Notice that unit-distance decompositions into
two parts correspond to our co-unit-distance graphs. Since K4 is not a unit-distance graph, we can deduce that if n is
at least the Ramsey number Rk(4, 4, . . . , 4) (see, e.g. [1]), then it is impossible to decompose Kn into k unit-distance
graphs. Therefore, for every k2, there are only ﬁnitely many unit-distance decompositions of complete graphs into
k parts.
As for the co-unit-distance graphs, thanks to a result on graph Ramsey number, we can squeeze the order of the
graphs drastically. The diagonal Ramsey number of K2,3 is known to be 10 [2]. Therefore, every graph of order at least
10 has a subgraph isomorphic to K2,3 in it or in its complement. Since K2,3 is not a unit-distance graph, we have the
following.
Fact 1.1. Every co-unit-distance graph has order at most 9.
This fact encouraged us to enumerate all co-unit-distance graphs and strict co-unit-distance graphs. Our results are
summarized in Table 1. The seven self-complementary co-unit-distance graphs are shown in Fig. 1.
Let us state here brieﬂy how our enumeration is performed. Since every strict co-unit-distance graph is a co-unit-
distance graph, we ﬁrst enumerate co-unit-distance graphs, and then, by removing non-strict ones, we ﬁnd all strict
co-unit-distance graphs. If a graph is disconnected, then its complement is connected. So, we ﬁrst ﬁnd all connected co-
unit-distance graphs, and then, ﬁnd all disconnected co-unit-distance graphs in their complements. To ﬁnd all connected
co-unit-distance graphs, we divide them into several classes, using the parameter
 = (the length of the largest induced cycle)
(we put  = 0 for acyclic graphs), and enumerate all members of each class. We use the following facts:
(1) No unit-distance graph contains K4 or K2,3 as a subgraph.
(2) For n7, the cycle Cn is not a co-unit-distance graph.
(3) Every induced subgraph of a co-unit-distance graph is also a co-unit-distance graph.
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The facts (2) and (3) imply that 6 for all co-unit-distance graphs. The fact (3) also implies that if we obtain all
co-unit-distance graphs of order n, then the ones of order n + 1 can be found from them by adding a new vertex.
2. The case = 6
Fact 2.1. There are exactly 8 connected co-unit-distance graphs with  = 6.
Proof. Let G be a connected co-unit-distance graph with largest induced cycle C6 = [1, 2, 3, 4, 5, 6]. If G = C6, then
we have no problem since C6 is a co-unit-distance graph, see Fig. 2. To keep track of all the co-unit-distance graphs
that we are enumerating, we shall give them identifying names. Let us use G(6, 1) to denote C6. Here 6 refers to the
length  of the largest induced cycle in the graph. The other number, 1, is just a counter.
Suppose that there are vertices in G not found in C6, and let x be one of such vertices. If x is not adjacent to any vertex
in C6, then we would obtain an independent set {1, 3, 5, x} in G that will form a K4 in G. Therefore, x is necessarily
adjacent to some vertex in C6.
First, consider the case when there is exactly one vertex in G that is not in C6. If x is adjacent to each vertex of C6
(that is, G = W6), then G is the graph consisting of C6 plus one isolated vertex, a unit-distance graph. What if x is not
adjacent to all the vertices of C6? Let us assume that x is not adjacent to 1. Then, in the complement G, x is adjacent
to 1. In order to avoid having a K2,3 in G, x should not be adjacent to 2 or 6 (consult with the drawing of C6 in Fig.
2). Thus, if a vertex not in C6 is not adjacent to a particular vertex in C6, then it must be adjacent to the two neighbors
of that vertex. If x is adjacent to any three vertices of C6 in G, then there would be a subgraph of G that is isomorphic
to K2,3 or K4. Therefore, x can be adjacent to at most two vertices in G. This means that in G, x is adjacent to at least
four vertices of C6. Up to isomorphism, the only possible connected co-unit-distance graphs consisting of an induced
C6 plus another vertex are shown in Fig. 3.
Next, let us consider if G can have another vertex y = x not in C6. Can we extend the graphs in Fig. 3 to co-unit-
distance graphs by adding a new vertex y? If we begin with the ﬁrst graph G(6, 2)=W6, we cannot do this because W6
is rigid in the plane and any additional vertex y added to it will have to take the location of x since y must be adjacent
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Fig. 2. The cycle C6 and its complement.
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Fig. 3. Co-unit-distance graphs of order 7 with  = 6.
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Fig. 4. Three self-complementary unit-distance graphs with  = 6.
to at least four vertices of C6. For the same reason, the second graph G(6, 3) cannot be extended to a co-unit-distance
graph by adding a new vertex y. In the case of the third graph, we observe that 2, 3, 4, and x form a rigid induced
subgraph. Let us ﬁx their locations in the plane. Thus, we are free to move 1, 5, and 6 in the plane maintaining the
lengths of the edges. If a vertex y is added and y is adjacent to at least four vertices of C6, then y cannot be adjacent to
both 3 and x for we would obtain a subgraph isomorphic to K2,3. Likewise, y cannot be adjacent to both 2 and 4. Thus,
y is adjacent to at most two of the vertices 2, 3, 4, and x. It is not possible for y to be adjacent to both 2 and 3 for if this
were the case, then y cannot be anymore adjacent to at least two of the vertices 1, 5, 6. Likewise, y cannot be adjacent
to both 3 and 4. If y is adjacent to 2 only or to 4 only, then it cannot be adjacent to all three vertices 1, 5, and 6 because
a K2,3 would be formed. Therefore, y is adjacent to 3. This forces us to have y adjacent to 1, 5, and 6 because it has to
be adjacent to at least four vertices in C6. This graph is a co-unit-distance graph because its complement is isomorphic
to itself. We label this graph as G(6, 6) as shown in Fig. 4 (left).
Lastly, consider the fourth graph G(6, 5) and add a vertex y. This new vertex cannot be adjacent to more than four
vertices in C6 because we would obtain W6 or W6−(one spoke) which we know cannot be extended to a co-unit-distance
graph. Therefore, y must be adjacent to exactly four vertices of C6. Necessarily, y is not adjacent to x. For, if y is adjacent
to x then y will coincide with a vertex of C6 since it is adjacent to some vertex of C6. We cannot make y adjacent to both
2 and 3 because in this case y cannot be one unit-distance away from two more vertices of C6. Similarly, y cannot be
adjacent to both 5 and 6. Since we should not have a K2,3, y cannot be adjacent to both 3 and 5; and to both 2 and 6. So,
we can make y adjacent to 1, 3, 4, and 6. The other possibility is make y adjacent to 1, 2, 4, and 5. The resulting graphs
are just isomorphic and so we show only the ﬁrst extension in Fig. 4 (center). This graph is seen to be a unit-distance
graph. It can be checked that it is also self-complementary. Hence the graph is a co-unit-distance graph. Let us name
this graph G(6, 7).
No other connected co-unit-distance graph can be obtained from C6 plus two other vertices.
Can we extend C(6, 6) or C(6, 7) to a co-unit-distance graph by adding one more vertex? It is impossible for C(6, 6),
but in the drawing of G(6, 7) in Fig. 4 (center), we can add a vertex z which is adjacent to 1, 2, 4, and 5. The resulting
graph is shown in Fig. 4 (right) where the edges are all of unit-length. Furthermore, it can be checked that this graph
is self-complementary. Name this graph G(6, 8).
It is no longer possible to extend G(6, 8) to a co-unit-distance graph, since a co-unit-distance graph has at most 9
vertices. 
3. The case = 5
Fact 3.1. There are exactly 5 connected co-unit-distance graphs with  = 5.
Proof. Let G be a connected co-unit-distance graph with largest induced cycle C5 =[1, 2, 3, 4, 5]· G. If G=C5, there
is no problem because the complement of C5 is also a C5. Let us label this co-unit-distance graph G(5, 1).
G(5, 1) := C5.
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Fig. 5. Co-unit-distance graphs of order 6 with  = 5.
Let x be any vertex of G that is not in C5. If x were not adjacent to any vertex of C5, then in G, x would be adjacent to
every vertex of C5. Therefore, there is a subgraph W5 of G, a contradiction because W5 is not a unit-distance graph.
If x is adjacent to only one vertex of C5, then in G, there will be a subgraph isomorphic to W5 minus one spoke edge.
This subgraph is not a unit-distance graph. Therefore, x must be adjacent to at least two vertices of C5. Also, x cannot
be adjacent to 4 or more vertices of C5 because that would imply that in G¯, x is adjacent to at most one vertex of C5.
Hence, x is adjacent to either two or three vertices of C5. Shown in Fig. 5 are the possible four cases, up to isomorphism.
The four graphs in Fig. 5 are co-unit-distance graphs, labeled G(5, 2), G(5, 3), G(5, 4), and G(5, 5).
Consider the ﬁrst graph, G(5, 2). Observe that in every embedding of this graph in the plane with unit edges, the
distance between the vertices 2 and 5 is always one unit. Let us try to extend this graph, if possible, to a co-unit-distance
graph by adding a new vertex y. Necessarily, y is adjacent to either two or three vertices in C5. This new vertex y cannot
be adjacent to both 1 and 3 for otherwise, there would be a K2,3. By a similar reason, y cannot be adjacent to both 1
and 4. Since 2 and 5 are always 1 unit-distance apart, y cannot be adjacent to both 2 and 4; and to both 3 and 5. If y
has three neighbors in C5, then no two vertices among them must form a ‘forbidden pair’ such as {1, 3}, {1, 4}, etc.
The only set of three vertices not containing a forbidden pair is {1, 2, 5}. However, since {1, 2, 5} are the vertices of an
equilateral triangle of unit side, this is impossible. So, it follows that y has exactly two neighbors among the vertices
of C5. Consider the following cases:
Case 1: The neighbors of y in C5 are 1 and 2 (or 1 and 5). In this case, y is not adjacent to x in order not to have a
K2,3 in our graph. But then, in the complement, both y and 2 are adjacent to 4, 5, and x, forming a K2,3.
Case 2: The neighbors of y in C5 are 2 and 3 (or 4 and 5). Then y is not adjacent to x in order not to form a K2,3. But
then, in the complement, both y and 2 are adjacent to 4, 5, and x, forming again a K2,3.
Case 3: The neighbors of y in C5 are 3 and 4. Then, y is not adjacent to x in order not to form a K4. In this case, the
vertices 2, 5, x, and y are independent. Thus, there is a K4 in the complement.
Case 4: The neighbors of y in C5 are 2 and 5. Here, y is not adjacent to x because the distance between x and y is
not 1 unit, unless y will occupy the same location as the vertex 1. Hence, the vertices 2, 5, x, and y are independent and
will form a K4 in the complement.
Thus, in all cases, we cannot extend G(5, 2) to a co-unit-distance graph by adding one more vertex.
The second graph G(5, 3) need not be considered because it is the complement of G(5, 2).
Consider now the third graph G(5, 4). Suppose that we can extend this to a co-unit-distance graph. Then there is
another vertex y that is adjacent to two or three vertices in C5. To avoid the formation of K2,3, y should not be adjacent
to both 3 and 5. Let us consider the following two cases:
Case 1: There are exactly three neighbors of y in C5. Then, at least one of 3, 4, and 5 is a neighbor of y. Since 3 and
5 cannot be neighbors of y simultaneously (a K2,3 will be formed), then y has at most two neighbors among 3, 4, and
5. Let 3 and 4 be neighbors of y. Then we form a fan consisting of the vertices 3, 4, 5, x, and y. Since this is a rigid
subgraph of G, we see that neither 1 nor 2 can be 1 unit-distance away from y. The case where y is adjacent to 4 and 5
is similar. Thus, we may assume that y is adjacent to only one vertex among 3, 4, and 5.
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Fig. 6. Moser’s spindle.
Suppose y is adjacent to 4,1, and 2. Then, 154y and 234y become rhombi, and hence 15‖4y‖23. Then the distance
between 1 and 2 becomes
√
3, a contradiction. Hence we may assume that y is adjacent to one of 3 and 5. Without loss
of generality, let y be adjacent to 5. The other two neighbors of y in C5 must be 1 and 2. The resulting graph is rigid in
the plane, see Fig. 6. This graph is known as Moser’s spindle since Morser and Morsel [5] used this graph to show the
“chromatic number of the plane” is at least 4. In the complement of this graph, both 1 and y are adjacent to 3,4, and x.
So, Moser’s spindle is not a co-unit-distance graph.
Case 2. There are exactly two neighbors of y in C5. If y is adjacent to 1 and 2, then x and y are not adjacent, for
otherwise, we have 15‖xy‖23, which is impossible. Hence, in the complement both y and 2 are adjacent to 4, 5, and x.
This subgraph is K2,3 which is impossible. If y is adjacent to 2 and 3, then similarly x and y are not adjacent, and again
in the complement both y and 2 are adjacent to 4, 5, and x. The case y is adjacent to 1 and 5 is similar to this. If y is
adjacent to 1 and 3, then in the complement both y and 2 are adjacent to 4, 5, and x. The case y is adjacent to 2 and 5 is
similar. If y is adjacent to 3 and 4, then y is not adjacent to x. Therefore, in the complement, both 1 and 2 are adjacent
to x, y, and 4. The case that y is adjacent to 4 and 5 is similar. The only remaining possibility is where y is adjacent to
4 and 1 (or 2). A unit-distance graph is formed where x and y are non-adjacent. In the complement, both 5 and y are
adjacent to 2, 3, and x, forming a K2,3.
In both cases, we cannot extend G(5, 4) to a co-unit-distance graph. The fourth graph G(5, 5) need not be considered
because it is isomorphic to the complement of G(5, 4). If it were possible to extend this to a co-unit-distance graph,
then its complement is an extension of G(5, 4) to a co-unit-distance graph. 
4. The case = 4
Fact 4.1. There are exactly 16 connected co-unit-distance graphs with  = 4.
Proof. Let G be a connected co-unit-distance graph with largest induced cycle C4 = [1, 2, 3, 4]. If G = C4, then G is
a co-unit-distance graph. Let us label this as G(4, 1).
G(4, 1) := C4.
Suppose that there is a vertex x of G not in C4.
(i) First, let us consider the case when x is not adjacent to any vertex of C4. Then x is unique for otherwise, there
would be a K2,4 in G. Let a be a vertex in G adjacent to x. Then a must be adjacent to some vertex in C4 because
x is the only vertex not adjacent to any vertex in C4. If a is adjacent to only one vertex in C4, then there would be a
K2,3 in G. Thus, a is adjacent to at least two vertices of C4. The vertex a cannot be adjacent to three vertices in C4
for otherwise there would be a K2,3 in G. Hence, a is adjacent to exactly two vertices in C4. These two vertices in C4
must be adjacent in order not to create a K2,3 in G. If the neighbors of a are x and two other vertices in C4 only, then
we have the graph shown in Fig. 7. Note that this graph is a co-unit-distance graph. Let us label this G(4, 2).
We claim that any two neighbors of x are adjacent. Suppose that u and v are distinct neighbors of x which are
non-adjacent. If the neighbors of u and v in C4 are identical, then the two non-neighbors will be both adjacent to x, u,
and v in the complement. If the u and v have unequal neighbor-sets, then there would be an induced cycle of length
greater than 4 in G. In both cases we have a contradiction. Therefore, our claim is true. So we see that x and its neighbors
form a complete subgraph. Thus, x can have at most two neighbors since our graph cannot contain a K4.
Assume that there is another vertex b in our graph. We claim that b must be adjacent to a. If b is not adjacent to a, then
b cannot be a neighbor of x. Thus, in the complement, both x and a are adjacent to b as well as the two non-neighbors
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Fig. 7. G has a vertex x not adjacent to a vertex in C4.
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Fig. 8. The vertex a has a neighbor b not in C4.
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Fig. 9. Exactly one vertex of G is not in C4.
of a in C4. This is a K2,3 in the complement, which is impossible. Thus, b is necessarily adjacent to a. Now, b must
be adjacent to exactly two adjacent vertices of C4, for otherwise, we have K2,3 in G. Since b is also adjacent to a, the
neighbors of b in C4 must be 1 and 4. (If, for example, b is adjacent to 1,2, and a, then 1, b, a,3, and 2 form a fan and
1,2, and 3 become collinear.) Since b may or may not be adjacent to x, we show in Fig. 8 the two possibilities. These
graphs are co-unit-distance graphs as can be readily veriﬁed. We label them G(4, 3) and G(4, 4).
The complement of G(4, 3) is isomorphic to G(6, 3) and since G(6, 3) cannot be extended to a co-unit-distance
graph by adding a vertex, G(4, 3) cannot be extended, too. The complement of G(4, 4) is G(6, 5). Though G(6, 5) can
be extended to G(6, 7) and G(6, 8), these two extensions are both self-complementary and contain induced cycle of
length 6.
(ii) Next, let us consider the case where every vertex in G not in C4 is adjacent to some vertex in C4. Let x be a vertex
in G which is not a vertex of C4. In this case, x can be adjacent to at most two vertices of C4 for otherwise, there would
be a K2,3 in G. Furthermore, if x is adjacent to two vertices in C4, these vertices are adjacent in C4. If there is exactly
one vertex x in G not in C4, then there are two such co-unit-distance graphs up to isomorphism. These are shown in
Fig. 9. We label these graphs G(4, 5) and G(4, 6).
If there are two vertices x and y in G that are not in C4, then the possible co-unit-distance graphs are the nine graphs
shown in Fig. 10. Let us label them G(4, 7), G(4, 8), . . . , G(4, 15). Each of the graphs in Fig. 10 is a co-unit-distance
graph. This can be veriﬁed easily by obtaining the complement of each graph. Can we extend further these graphs to
co-unit-distance graphs by adding a vertex z?
Consider G(4, 7). Since C4 is the largest induced cycle, z cannot be adjacent to both x and y for we would create
either an induced C5 or K2,3. If z is not adjacent to both x and y, then in the complement the three vertices z, 3, and 4
are all adjacent to x and y, forming a K2,3. Hence, z is adjacent to exactly one of x, y. Without loss of generality, assume
that z is adjacent to x. Now, z has either one or two neighbors in C4. Assume ﬁrst that z has exactly one neighbor in C4,
say i. Then, in the complement, z is adjacent to {1, 2, 3, 4, y}\{i}. Also, in the complement, x is adjacent to {2, 3, 4, y}.
Therefore, in the complement, x and z have at least three common neighbors. This implies the existence of K2,3 in the
complement. Next, consider the case where z has exactly two neighbors in C4 (which are necessarily adjacent). If z is
adjacent to 1 and 2, then both 3 and 4 are adjacent to each of x, y, and z in the complement. If z is adjacent to 2 and
3, then [1, x, z, 3, 4, 1] is an induced cycle of length 5. If z is adjacent to 3 and 4, then [1, 2, 3, z, x, 1] is an induced
cycle of length 5. Finally, if z is adjacent to 1 and 4, then in the complement, both x and z are adjacent to each of 2, 3,
and y. Thus, G(4, 7) cannot be extended to a co-unit-distance graph.
1980 S.V. Gervacio et al. / Discrete Mathematics 308 (2008) 1973–1984
x y x y
1 12 2
3 34
1 2
34
4x
y
G (4,7) G (4,8) G (4,9)
x y x y x
y
1 12 2
3 34
1 2
34 4
G (4,10) G (4,11) G (4,12)
x
y
1 2
34
x
y
1 2
34
x
y
1 2
34
G (4,13) G (4,14) G (4,15)
Fig. 10. G has two vertices x and y not in C4.
Consider G(4, 8). Let us try to add a new vertex z and some edges to this graph to obtain a co-unit-distance graph, if
possible. Just like the case of G(4, 7), it is impossible for z to have exactly one neighbor in C4. Thus, we shall assume
that z has exactly two (adjacent) neighbors in C4. In order not to have a K2,3 in the complement, z must be adjacent
to at least one of x, y and at least one of 3, 4. Without loss of generality, let us assume that z is adjacent to x. The
possible pairs of neighbors of z in C4 are {2, 3}, {3, 4}, and {1, 4} only. Whichever one of these three pairs we use, we
see that an induced cycle of length 5 will be formed. For example, if z is adjacent to 2 and 3, we get the induced
cycle [x, z, 3, 4, 1, x]. So, we see that it is also impossible to extend G(4, 8) to a co-unit-distance graph.
Consider G(4, 9). Let us add a new vertex z to this graph and see if we can create a larger co-unit-distance graph.
Since x is not adjacent to 1, 2, and 3, y then z must be adjacent to at least two vertices in S1 ={1, 2, 3, y} in order to avoid
a K2,3 in the complement. Furthermore, 1 and 3 cannot both be neighbors of z to avoid the existence of K2,3. Since y
is not adjacent to 3, 4, and x, then z must be adjacent to at least one vertex in S2 = {3, 4, x}. Since 3 is not adjacent
to {1, x, y}, z must be adjacent to at least one vertex in S3 = {1, x, y}. One example of a possible set of neighbors of
z is {1, 2, x, y}. But this would create an induced cycle [z, x, 4, 3, 2, y, z] of length 6. The only set of neighbors for z
that would not create induced cycles of length greater than 4 is {3, 4, y}. The extended graph is shown in Fig. 11. This
graph is actually a co-unit-distance but it is nothing new for it is isomorphic to G(4, 3).
Consider the graph G(4, 10). Let us add a new vertex z. By an analysis similar to that of G(4, 9), we see that the
only way to obtain a co-unit-distance graph is to make z adjacent to 3, 4, and y. This resulting graph is isomorphic to
G(4, 3).
Let us see if we can extend the graph G(4, 11) to a co-unit-distance graph by adding a new vertex z. If z has exactly
one neighbor in C4, then either an induced cycle of length greater than 4 appears, or K2,3 appears in the complement.
Let us assume then that z has exactly two neighbors in C4 (which are necessarily adjacent). Since both x and y are
not adjacent to 3 and 4, z must be adjacent to at least one of x, y and at least one of 3, 4 in order to avoid K2,3 in
the complement. Observe that the subgraph induced by 1, 2, x, and y is rigid. Let z be adjacent to 2 and 3. Since z is
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Fig. 12. Two extensions of G(4, 15).
adjacent to x or y, an induced cycle of length 5 will be formed. If z is adjacent to 1 and 4, then similarly an induced
cycle of length 5 appears. If z is adjacent to 3 and 4, then it can be made 1 unit-distance away from y but not from x.
The result is a co-unit-distance graph which we shall label as G(4, 16). This is shown in Fig. 12.
Next graph to consider is G(4, 12). Let us add a new vertex z to this graph. Necessarily, z is adjacent to one of x, y
but not to both. Without loss of generality, let us assume that z is adjacent to y but not to x. Also, z is adjacent to at least
one of 3, 4. We claim that z cannot be adjacent to both 2 and 3. Suppose that z is adjacent to 2 and 3. Since z is adjacent
to y, [1, 4, 3, z, y, 1] is an induced cycle. By a similar reasoning, z is not adjacent to 1 and 4. Since z must be adjacent
to one of 3, 4 then we may assume without loss of generality that z is adjacent to 3. If z is not adjacent to 4, then the
graph is an extension of the subgraph induced by 1, 2, 3, 4, x, z, which is isomorphic to G(4, 9). Since G(4, 9) has a
unique extension G(4, 3) as already seen, and G(4, 3) is not isomorphic to our graph, z must be adjacent to 4, too. The
resulting graph is again isomorphic to G(4, 16).
Consider now the graph G(4, 13). Let z be a new vertex added to G(4, 13) to form a larger co-unit-distance graph.
Since 4 is not adjacent to 2, x, and y, then z must be adjacent to at least one vertex in S1 = {2, x, y} in order to avoid a
K2,3 in the complement. Likewise, since x is not adjacent to 3, 4, and y, then z must be adjacent to at least one vertex in
S2 = {3, 4, y}. Since y is not adjacent to 1, 4, and x, then z must be adjacent to at least one vertex in S3 = {1, 4, x}. Let
us also note that z cannot be adjacent to both 1 and 3 or to both 2 and 4 in order not to have a K2,3. Up to isomorphism,
there is only one extension of G(4, 13) to a co-unit-distance graph and this is obtained by making z adjacent to 1, 4,
and y. This graph is isomorphic to G(4, 4).
Suppose that the graph G(4, 14) can be extended to a larger co-unit-distance graph by adding a new vertex z. Then
in order not to have a K2,3, z must be adjacent to at least one vertex of each of the following sets: S1 = {3, 4, y},
S2 = {1, 2, x}, S3 = {2, 3, x}, S4 = {1, 4, x}, S5 = {2, 3, y}, and S6 = {1, 4, y}. Also, z cannot be adjacent to both 1
and 3 or to both 2 and 4. It is not difﬁcult to see that the only possible extension is G(4, 16). For instance, we make z
adjacent to 1, 2, and y to obtain this co-unit-distance graph extension.
Finally, consider the last graph G(4, 15) in our list. If a new vertex z will be added to this graph, then z must have
exactly two neighbors in C4. To see this, suppose that z has exactly one neighbor in C4. Then the graph obtained is
isomorphic to G(4, 3). If z has three or more neighbors in C4, we would get a K2,3. Thus, z has exactly two neighbors
in C4. Up to isomorphism, we have two extensions of G(4, 15) shown in Fig. 12.
The complements of these graphs are isomorphic to G(6, 4) and G(6, 5), respectively.
The graph G(4, 16) can be further extended to the graph G(6, 6), the complement of G(6, 6), but it contains an
induced cycle C6. 
5. The case = 3
Fact 5.1. There are exactly 19 connected co-unit-distance graphs with  = 3.
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G (3,1) G (3,2) G (3,3) G (3,4) G (3,5) G (3,6)
Co-unit-distance graphs with exactly one C3
C3 C3 C3
G (3,7) G (3,8) G (3,9)
C3
G (3,10)
C3
G (3,11)
C3
G (3,12)
Co-unit-distance graphs with two C3s
G (3,13) G (3,14) G (3,15) G (3,16)
C3 C3 C3
C3
Co-unit-distance graphs with three C3s
G (3,17)
G (3,18)
G (3,19)
C3 C3 C3
Co-unit-distance graphs with exactly four C3s
Fig. 13. The 19 co-unit-distance graphs with  = 3.
Proof. Let C3 = [1, 2, 3] be any cycle of length 3 in a connected co-unit-distance graph G. Since G=C3 is a co-unit-
distance graph, let us label this as G(3, 1). We note here the following:
(i) G has at most one vertex that is not adjacent to any vertex of C3 (for otherwise K2,3 appears in G). If x is such
a vertex, and a, b are neighbors of x, then a and b are adjacent (for otherwise, > 3). Hence x has at most two
neighbors (for otherwise, K4 appears).
(ii) If G has another 3-cycle [x, y, z] that is vertex-disjoint from C3, then one of x, y, and z is not adjacent to any
vertex of C3.
To see (ii), suppose that each of x, y, and z has a neighbor in C3. The three vertices x, y, and z cannot have a common
neighbor, for otherwise, there arises K4. So, we may suppose x is adjacent to 1 and y is adjacent to 2. Then, to avoid
induced 4-cycle, we may suppose x is adjacent to 1, and y is adjacent to 2. Then z cannot be adjacent to any of 1, 2,
and 3 as easily checked by drawing a picture.
With the aid of (i) and (ii), we can determine the co-unit-distance graph according to the number of 3-cycles.
Fig. 13 shows those graphs with exactly one 3-cycle, two 3-cycles, three 3-cycles, and four 3-cycles, respectively. If G
has ﬁve 3-cycles, then G is obtainable from some graph of the last row in Fig. 13. But any such extension results into
a graph with a K2,3. Thus, we cannot have more than four 3-cycles. 
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6. The case = 0
Fact 6.1. The number of connected co-unit-distance graphs without cycles is 7.
Proof. Let G be a connected co-unit-distance graph without cycles. Since P6 is not a co-unit-distance graph, the
diameter of G is at most 4. The following are easily veriﬁed: If the diameter of G is 4, then G can be P5 only. If the
diameter is 3, we have P4 and the graph consisting of a P4 plus another vertex that is adjacent to a non-pendant vertex
of P4. If diameter is 2, we have K1,n only (n = 2, 3). If diameter is 1, we have K2 only. If the diameter is 0, we have
the trivial graph K1. The co-unit-distance graphs under this case are shown in Fig. 14. 
7. Conclusion
Facts 2.1– 6.1 enumerate all connected co-unit-distance graphs without duplications. The total number is therefore
8 + 5 + 16 + 19 + 7 = 55. This gives us the following result.
Theorem 7.1. The total number of connected co-unit-distance graphs is 55.
By taking the complements of the connected co-unit-distance graphs, we ﬁnd exactly 14 disconnected co-unit-
distance graphs. Table 1 shows the correspondence G(, ) ↔ [its complement]. The graphs with overline (such as
G(, )) in Table 1 are graphs that are not contained in the 55 connected co-unit-distance graphs. They are disconnected
and 14 in number. These 14 graphs are shown in Fig. 15. Therefore, the total number of co-unit-distance graphs is
69. In Table 2, the graphs with asterisk (G(6, 3)∗ and G(5, 2)∗) are not strict unit-distance graphs. Therefore, exactly
four graphs G(6, 3), G(5, 2), G(5, 3), and G(4, 3) are not strict co-unit-distance graphs. The graphs G(6, 6), G(6, 7),
G(6, 8), G(5, 1), G(3, 5), G(0, 2), and G(0, 7) are self-complementary as seen also from Table 2. These seven graphs
are shown in Fig. 1.
G (0,1) G (0,2) G (0,3)
G (0,4) G (0,5) G (0,6) G (0,7)
Fig. 14. Co-unit-distance graphs without cycles.
G (3,1) G (3,8) G (4,1) G (3,2)
G (0,6) G (0,4) G (0,5) G (3,4)
G (3,10) G (3,7) G (3,19) G (3,13)
G (3,15) G (6,2)
Fig. 15. The 14 disconnected co-unit-distance graphs.
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Table 2
Graphs G(, ) and their complements
G G G G G G G G
G(6, 1) G(4, 15) G(6, 2) G(6, 2) G(6, 3)∗ G(4, 3) G(6, 4) G(4, 16)
G(6, 5) G(4, 4) G(6, 6) G(6, 6) G(6, 7) G(6, 7) G(6, 8) G(6, 8)
G(5, 1) G(5, 1) G(5, 2)∗ G(5, 3) G(5, 3) G(5, 2)∗ G(5, 4) G(5, 5)
G(5, 5) G(5, 4) G(4, 1) G(4, 1) G(4, 2) G(4, 13) G(4, 3) G(6, 3)∗
G(4, 4) G(6, 5) G(4, 5) G(3, 3) G(4, 6) G(0, 1) G(4, 7) G(3, 17)
G(4, 8) G(4, 14) G(4, 9) G(4, 11) G(4, 10) G(3, 16) G(4, 11) G(4, 9)
G(4, 12) G(3, 12) G(4, 13) G(4, 2) G(4, 14) G(4, 8) G(4, 15) G(6, 1)
G(4, 16) G(6, 4) G(3, 1) G(3, 1) G(3, 2) G(3, 2) G(3, 3) G(4, 5)
G(3, 4) G(3, 4) G(3, 5) G(3, 5) G(3, 6) G(3, 18) G(3, 7) G(3, 7)
G(3, 8) G(3, 8) G(3, 9) G(0, 3) G(3, 10) G(3, 10) G(3, 11) G(3, 14)
G(3, 12) G(4, 12) G(3, 13) G(3, 13) G(3, 14) G(3, 11) G(3, 15) G(3, 15)
G(3, 16) G(4, 10) G(3, 17) G(4, 7) G(3, 18) G(3, 6) G(3, 19) G(3, 19)
G(0, 1) G(4, 6) G(0, 2) G(0, 2) G(0, 3) G(3, 9) G(0, 4) G(0, 4)
G(0, 5) G(0, 5) G(0, 6) G(0, 6) G(0, 7) G(0, 7) – –
We summarize all our results into one theorem.
Theorem 7.2. There are exactly 69 co-unit-distance graphs, 55 of which are connected, and 7 are self-complementary.
Among 69 co-unit-distance graph, only 4 connected graphs are not strict co-unit-distance graphs, and these 4 graphs
are not self-complementary.
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